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1. Introduction

The importance of black holes for quantum gravity and string theory has motivated a
sustained effort to achieve a computational control of black hole entropy that goes beyond
the leading Bekenstein-Hawking area law [[]-f]. While much has been achieved, there are
still many unanswered questions (for recent reviews summarizing the current state of the
subject, see [f|-[1J]). On the gravity side, the leading corrections to the entropy come from
higher derivative terms in the spacetime effective action, and we would certainly like to
know how these affect the standard black hole solutions of string theory. However, the
results in this direction have so far been limited to 4D black holes, which is surprising



given that the simplest supersymmetric black holes in string theory arise in 5D. We have
recently begun to fill this gap [L3, [[4] (see also [[L§]). In this paper we continue this program
by constructing asymptotically flat spinning black holes with higher derivative corrections
taken into account. Our solutions are generalizations of the BMPV solution [[Lf]. They are
simple enough that we can be quite explicit, yet intricate enough that we can shed light
on a number of important conceptual issues.

The setting for our analysis is 5D supergravity corrected by the mixed gauge-
gravitational Chern-Simons term
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and terms related to this by supersymmetry. We use the off-shell formalism which has su-
persymmetry transformations that do not depend on the explicit Lagrangian. The super-
symmetric completion of ([[.1]) was constructed in this formalism in [[7]. Taking advantage
of the universal supersymmetry variations, and also using the complete action, we find the
solution for the spinning black hole.

The next step is to determine the Bekenstein-Hawking-Wald [[[§] entropy of the black
hole. The near horizon geometry consists of a circle fibered over AdS; x S2. After KK
reduction on the circle, Wald’s entropy formula is equivalent to entropy extremization [§,
[9-P3. A well known subtlety in this procedure arises from the presence of Chern-Simons
terms, since these are not gauge invariant [I9]. After this is taken into account, we find
the entropy of a spinning black hole with higher derivative corrections.

Our result for the entropy is simplest when expressed in terms of the near horizon
moduli. In this form we can also demonstrate precise agreement with results inferred from
4D black holes, the topological string, and the 4D /5D connection [{, B, [.d, R4]. However,
the more physically relevant result is the entropy expressed in terms of the conserved
charges, and in these variables the relation with the 4D results exhibits some new features.

The 5D electric charges are defined unambiguously in terms of flux integrals over a
53 at infinity surrounding the black hole. The comparison to 4D black holes is made by
placing the 5D black hole at the tip of a Taub-NUT space. Taub-NUT is asymptotically
R3 x 81, and a 4D black hole is obtained via KK reduction on the S'. The 4D electric
charges are thereby defined via flux integrals over an asymptotic S?. We can think of
recovering the 5D black hole by sending the radius of the circle (which is a modulus) to
infinity 25-P9.

At lowest (i.e. two-derivative) order, the 4D and 5D electric charges are equal, and in
the literature it seems to be assumed that this holds in general. However, we show explicitly
that the charges are different in the presence of higher derivatives. In particular, the electric
charges differ by Aqg; = ﬁcw. The reason is simple: the operations of computing the
flux integrals and decompactifying the Taub-NUT circle do not commute. This in turn
follows from the fact that the Taub-NUT space itself carries a delocalized electric charge
proportional to its Euler number, as implied by the Chern-Simons term (D)

Angular momentum adds further structure, and we find that another higher derivative
shift is required to relate J to the corresponding 4D electric charge gg. Our conclusion is



that all these shifts need to be taken into account in order to use the 4D/5D connection to
reproduce the correct 5D entropy formulas derived here.

While the main topic of this paper is 5D black holes, our entropy analysis can be
easily extended to the case of black rings. We thereby find the corrected black ring entropy
formula, albeit expressed in terms of near horizon data. Giving an expression in terms of the
charges of the ring requires knowledge of the full asymptotically flat solution, which is not
yet available (alternatively, one might try to employ the techniques developed in [B{, BT]).

This paper is organized as follows. In section 2 we outline the derivation of the spinning
black hole solution and discuss some of its properties. Some further details are provided in
the appendix. In section 3 we derive the black hole entropy using entropy extremization.
As an aside, we also find the entropy of the black ring with higher derivatives. In section
4 we discuss interpretational issues with emphasis on aspects related to the definition of
charge. We explain why results motivated by 4D topological string theory fail to capture
the full story. Finally, we construct the spinning black hole on a Taub-NUT base space
and use this to carry out the 4D-5D reduction explicitly.

2. 5D spinning black hole solutions

We want to find the rotating supersymmetric black holes in five dimensions with higher
derivatives taken into account. The procedure for deriving the solution is the same as in
the spherically symmetric case [[4] so we shall focus on results rather than methodology.
Some details of our derivation are given in appendix A.

2.1 The supersymmetry conditions

The starting point is an ansatz for the solution. Since the supersymmetry variations in the
off-shell formalism are unaffected by the presence of higher derivatives terms in the action,
the form of the solution is the same as in the two-derivative context [BJ. In particular,
supersymmetry implies the existence of a timelike Killing vector, which we build in by
writing

ds? = V@ (dt + w)? — e 2@ p . da™da™ (2.1)

where w = w;(x)dx’ is a one-form on the 4D base manifold equipped with metric
hmndx™dx™. The base space is generally Hyper-Kéahler; for the present it is just taken
to be flat space (we discuss the case of Taub-NUT later). We will use the obvious local
frame A

=V (dt+w), e =eVdal. (2.2)

The matter in the theory consists of ny vector multiplets of A/ = 2 supersymmetry.
Supersymmetry relates the gauge field strength in each multiplet to the corresponding
scalar field through the attractor flow

FI=a(M'ed) . (2.3)

Generally, supersymmetry also permits the addition to F! of an anti-self-dual form on
the base space. Such a contribution is needed for black ring solutions, but vanishes for



the black hole solutions considered here. With this restriction, we also have that dw is
self-dual®
*qdw = dw . (2.4)

Supersymmetry further determines the auxiliary fields completely in terms of the ge-
ometry (B.1]). The auxiliary two-form is fixed to be

3.0 3 Uid ., Loou 1]
v = —Zde =-1 <28¢Ue e'e +3e dwise'e’ | (2.5)
and the auxiliary scalar is determined as
3
D =3¢*Y (V2U — 6(VU)?) + 5egU(dw)2 . (2.6)

2.2 Equations of motion

At this point the constraints of supersymmetry have been exhausted and we must use the
explicit action [[7]. First of all, we need the equations of motion for the gauge field, namely

oL oL
2V, <8FIW> =547 - (2.7)

It is straightforward in principle (although tedious in practice) to insert a solution of the
general form (R.1))-(R.6) into the Maxwell equation (R.7). After reorganization, we find
that the spatial components of the equation are satisfied automatically. We also find that

the Maxwell equation

the temporal component can be cast in the simple form

1
v? [e_ZUMI — % ((VU)2 - EeGU(dw)2>] =0, (2.8)
with 1
M[ = §C]JKMJMK . (29)

All indices in (@) are contracted with the base space metric Ay, €.g.,
(dw)? = K™ hPldw,p,dwn, - (2.10)

() is the generalized Gauss’ law, and is simply a harmonic equation on the flat base
space.? We will later discuss how conserved charges can be read off from this equation,
with nontrivial shifts due to higher derivatives encoded in the term proportional to coy.
At this point we just note that the one-form w enters Gauss’ law when higher derivatives
are taken into account. The decoupling between angular momentum and radial evolution
found in the leading order theory is therefore not preserved in general.

In order to fully specify the solution we also need the equation of motion for the
auxiliary field D. It is

N=1- %I(ijw +M'D) . (2.11)

T4, denotes the dual taken with respect to the metric hnmndz™dz™.
2Later we will find that a curved base metric induces a source on the right hand side of this equation.



where N = ¢k MM/ M¥. Inserting (R3)-(-6) for the spinning black hole we find

1 1 )
ECIJKMIMJMK -1 02% |:€2UMI <V2U o 4(VU)2 + Z€6U(du))2> + €2UVZMIVZ‘U
(2:12)

In the two-derivative theory the scalar fields are constrained by the special geometry con-
dition A/ = 1. In the corrected theory we must instead impose the much more complicated

condition (R.12).

2.3 Assembling the solution
We have now determined all the necessary equations and it only remains to solve them.
This is simplified by writing the flat base space in the Gibbons-Hawking coordinates?

Rimnda™dz™ = p(dz® + cos 0dg)® + — (dp® + p*(d6? + sin® 0d¢?)) | (2.13)

1
p
with x5 = 2 + 4.

Let us recall the BMPV solution to the two derivative theory [[[d]. When written in
Gibbons-Hawking coordinates the one-form on the base space takes the form*

J
w= g(dx‘:’ + cos 0d¢), (2.14)
so that 7 ) o
dw = —8—[)2(6ﬁ€5 +ele?), (2.15)

in the obvious orthonormal frame on the base space. In this form the self-duality condition
dw = *x4dw is manifest. In fact, the p-dependence of dw is completely determined by the
Bianchi identity and the self-duality condition. Therefore (R.14)—(R.15) will be maintained
when higher derivatives are taken into account.

Let us next turn to the generalized Gauss’ law (R.§). As already noted, this is just
a harmonic equation. Writing out the Laplacian in Gibbons-Hawking coordinates we are
lead to introduce the harmonic function

00 qr —2U CarI 2 1 6U 2
Hy = M7+ — = Mp— — VU)* — — dw 2.1

where the constants of integration M7° are identified with the asymptotic moduli.

The solution we seek is specified by the conserved charges (J, ¢r) and the asymptotic
moduli. With these inputs, the one-form w was given in (R.14), the gauge field strengths
were found in (R.3), and (R.16) determines the scalar fields as

_ U o | 41 | I 2_i 6U 2
M;(p) = €™ | M; +4,0+ 5 <(VU) 12¢ (dw) ﬂ . (2.17)

2

3The transformation p = T z® = q3+ 1/;, ¢ = d~> - 1]1, 0 =20 brings the line element to the form
ds® = dr® + r?(d6? + sin® Odip* + cos? 0de?).
4We use units G5 = 7- In these units the angular momentum and the charges are quantized as integers.



Up to this point the solution has been given not only in terms of the conserved charges,
but also in terms of the metric function U(p), which has not yet been computed. This
function is determined by the constraint (R.1J). In order to make this additional equation
completely explicit we should first invert the equation (2.9) that determines M I'in terms
of Mj. The result should be inserted in (2.12), which then becomes an second order
ordinary differential equation that can be easily integrated numerically to find U(p). In [[[4]
we carried out this procedure for some examples with spherical symmetry. The rotating
solution is qualitatively similar, but not identical. In particular, we mention again that the
radial profile depends on the angular momentum when higher derivative corrections are
taken into account.

2.4 Near horizon geometry

We are especially interested in the near horizon region, and here we can make the geometry
more explicit. In order to do that we consider a radial function of the form
U _ P
e =0 (2.18)
The parameter ¢ sets the physical scale of the solution. We will see later that it can be
identified with the radii of a near horizon AdSs x S2.> With this radial function the scalar
fields (.17) reduce to the constants

Mr =5 <q1+ : <1 48€6J>> . (2.19)

These are the attractor values for the moduli in the geometry modified by higher
derivatives. In particular, the attractor values depend on the conserved charges alone, and
not the asymptotic moduli.

The constraint equation (R.13) also becomes an algebraic relation

1 cor M* J?
ZereMIMIME =1 4 2L 1—— ). 2.20
61K HTTE 32/6 (2:20)

Taken together with the relations (@) we have a set of algebraic equations that de-
termine the near horizon geometry completely. In order to solve these equations it is
convenient to introduce the scaled variables

1

M =o20M! = —_J. 2.21
g = gl (2.21)

We then have the following procedure: given asymptotic charges (J, ¢r) we find the rescaled
variables (.J, M) by solving the equations (B.19)-(R:20) written in the form

1 NP cor M1 o\ -
J = | =y NN NIK — 21— 2% ) J,
3! 12
1 AT oA c 4 .
qr = =g MINE - 2L (1272 (2.22)
2 8 3
5In the nonrotating case there is a near horizon AdSs X 5% with radii £4 = %Es = {. This was the

notation used in [@]



With the solution in hand we compute

1 1 ~ ~ ~ CQ]MI A
$s==1= MM MK — 1—2J2
S <3!CIJK 12 ( J) )
1 -
M = ﬂMI, (2.23)

to find the values for the physical scale of the solution ¢ and the physical moduli M7,
written as functions of (J, qr).

In general it is of course rather difficult to invert (.29) explicitly. This is the situation
also before higher derivative corrections have been taken into account and/or if angular
momentum is neglected.

The formulae can be made more explicit for large charges. Let us define the dual
charges ¢! through

1
ar = serxa’q" (2:24)
We also define )
Q3?2 = §CIJKQIQJQK7 (2.25)
and
_ K
Cry=crjkq - (2.26)

Each of these quantities depend on charges and Calabi-Yau data but not on moduli.
With the definitions (2.24)-(R.24) we can invert (R.23) for large charges (i.e. expand
to first order in ¢o7) and find

. 1 4.J?
MI:qI+_<1—__>CIJC2J+...,

. : 7
J:W<1+4;2627?32[1_4@D+”” (2.27)

Then (R.23) gives the physical scale of the geometry and the physical moduli as

Lo, e [,
(=0 (1 144@3/2[1 45| )+

1 2 2
I __ q C2-q J 1 4J IJ
M= Q12 <1+7144Q3/2 [1—4@]> + 5012 <1—§@ C'egy+ ... . (2.28)

2.5 The 4D-5D connection

One of the advantages in introducing the Gibbons-Hawking coordinates (.13) is that they
facilitate the comparison between 5D and 4D points of view.

To see how this works, start with the rotating black hole solution presented above and
then reorganize the metric into a form suitable for KK reduction along z°,

ds? = —e4¢ (dac5 + cosfdo + Agdt)2 + e2¢ (gdt2 — g 1 (dp* + pZdQ%)) . (2.29)



Our ansatz gives

1 A
e =) <1 - ;eGUw§> = (2 <1 - J2> ,

2 eYp o
I T I T IeoU,2 = s 72y
— 5e%ws (1 - J?)
A = — s S Loy (2.30)
0 (1 _ %eﬁUwg) 1—J2¢

The arrows implement the near horizon limit where the metric function takes the

form (R.1§). Since

2

e g = ’Z—Q : (2.31)

we see that the 4D string metric has AdSs x S? near horizon geometry with the AdSs and
the S? both having radii /. The 4D Einstein metric

dsZE = gdt2 — g_l(dp2 + deQ%), (2.32)

describes an extremal black hole. The 4D matter fields are the dilaton ¢, the KK gauge

1

field A%, and additional gauge fields A} and scalars a! coming from the reduction of the

5D gauge field via the decomposition

Al =Y M (dt + w) = VM (1 — w5 AY) dt + 2V M'ws (dz® + cos 0dg + AYdt)
= Al + 4! (dz® + cos Od¢ + Agdt) . (2.33)

The 4D point of view will play a central role in the following.

3. Entropy of 5D spinning black holes (and black rings)

In this section we compute the entropy of our black holes. This is most conveniently done
via the entropy function approach [§], which essentially amounts to evaluating the La-
grangian density on the near horizon geometry. The one complication is that the entropy
function method assumes a gauge invariant Lagrangian, whereas we have non-gauge invari-
ant Chern-Simons terms in the action. The remedy for this is well known [[J): we should
reduce the action to 4D, and then add a total derivative term to the Lagrangian to cancel
the non-gauge invariant piece. Applications of the entropy function to rotating black holes
can be found in [I9-PJ]. In the last subsection we consider black rings; for previous work
on the entropy function for black rings see [B3, B3, B4].

3.1 Near horizon geometry and the entropy function

We first review the general procedure for determining the entropy from the near horizon
solution, mainly following [2J]. The general setup is valid for spinning black holes as well
as black rings.



The near horizon geometries of interest take the form of a circle fibered over an AdSy x

S2 hase:

dp? 2
ds® = w! {vl (;)2617'2 - %) — vy (dh? + sin? 9d¢2)} — w? <dw5 + e pdr + p° cos Hdgb) )
p
Al = el,odT + pl cosb + a' (dx5 + % pdr + p° cos qub) ,
1
= ——MF". 3.1
M (3.1)
The parameters w, vy, a’ and all scalar fields are assumed to be constant. KK
reduction along 2° yields a 4D theory on AdS; x S2. The solution carries the magnetic
charges p’, while e! denote electric potentials.

Omitting the Chern-Simons terms for the moment, let the action be

1
Define
1 5
Then the black hole entropy is
of of
_ 0 I _
S = 27T<e el f> . (3.4)

Here w, v12 etc. take their on-shell values. One way to find these values is to extremize f
while holding fixed the magnetic charges and electric potentials. The general extremization
problem would be quite complicated given the complexity of our four-derivative action.
Fortunately, in the cases of interest we already know the values of all fields from the
explicit solutions.

The Chern-Simons term is handled by first reducing the action along x® and then
adding a total derivative to £ to restore gauge invariance.

3.2 Computation of the on-shell action

Starting from our solution written in the form (B.29) we insert the near horizon values
given in (:30) and then change coordinates t = 7¢31/1 — J2 so that the solution takes the
form (B.1]). We then read off the magnetic charges p® = 1, p’ = 0 and the electric fields
J M!
V= = (3.5)

Vi— g2’ 21— J2

6 An important point, discussed at length below, is that el are conjugate to 4D electric charges, which
differ from the 5D charges.




Expressing the remaining quantities in terms of €%/ and w = £y/1 — J? we find

v =vy =V = [1+ (e")?w?,

T eVel
a = — )
[1+ (e9)?]
1 el
Y L —
w[1+(9)?]”

v = %wdT Adp — %weo sin8df A do

3 [1—(e?

T w4 ()22 (36)

The Gibbons-Hawking coordinates (R.13) have the periodicity x° = z°+4r, so that (B.d)

becomes 2
4
f=—0°L. (3.7)
w

To proceed we need to evaluate the various terms in £ using (B.4).

Two-derivative gauge invariant contribution. As we have emphasized, the Chern-
Simons terms require special considerations because they are not gauge invariant. The
remaining terms in the two-derivative action are

13 1 1 1
L8 = —5D - IR+ v? +/\/<§D - B+ 302> + 2N L+ ZNIJFC{E,FJ@’) . (3.8)

Inserting the ansatz (B.1]) with the relations (B.6) we find

1—(e"?] 1
fgl) = 4% : ECIJKBIBJGK . (3.9)

Two-derivative Chern-Simons term. We next turn to the special treatment needed
for the gauge Chern-Simons term

1

Tog = ——
O = oun2

/C[JKAI ANFIANFE (3.10)
The reduction to 4D amounts to the decomposition

Al = AL + ol (da® + AY) . (3.11)
If we simply insert this into (B-I0) the resulting action has the form
crix AL ANFI AN FR = 2¢r 5 AL A (F] 4 0’ FY) Ada™ Ada® +  gauge invariant , (3.12)

where the first term is not gauge invariant because A} appears by itself rather than as part
of the field strength. The remedy for this is to redefine our original action by the addition
of a total derivative

1
Ios = Ios = 57 /CUK (Af NEI A FE Jrcz[A{1 A @QE] + Fa”)a® A dx5]> . (3.13)

,10,



This new action is not meant to replace our original 5D action in general, but it is the
correct action to use in the 4D entropy function because it is gauge invariant. It is now
straightforward to compute

60 2 eO 2

Four-derivative gauge invariant contribution. We next turn to the higher derivative

&=

terms in the action. Again, the Chern-Simons term requires special consideration. Putting
that term aside we have the action

1
i =2 <8Mfcabcdca bod + 7 MID2 + G 1% D

8 A7 oA
+_MICabc ,Uabvcd + FlabcabchCd + gMIUabDchUac

3
—i—%MID“vbcDavbc + %MID“vbCvaca - ;Mleabcdev“bv“ll)fvef
+§F1abeabcdevchfvde + Flabeabcdevchdvef
—gFI“bvachdvdb §F faby, 0% + AM T v v qv™ MI( ) > . (3.15)
with
Vay DD = vy, DPD v — gvacvchab - 1—12U2R . (3.16)

Inserting the ansatz (B.]) with the relations (B.6) we find
1[I+ (%) + (%))
8  [I4(e")P

after algebra using MAPLE. It is worth noting that every term in the action contributes

s (3.17)

to this result.
Four-derivative Chern-Simons term. Finally we must consider the mixed gauge-
gravitational Chern-Simons term:

1 Cor
4722416

Ics = / d°2\/g €apeac A" R*IIRY, (3.18)

Again we reduce to 4D variables by inserting the decomposition (B.I1)). Since there will be
a term with A} appearing by itself and not in a field strength, the result will not be gauge
invariant in 4D. After implementing the 4+1 split on the curvature tensor and writing
€abede RYT ngef g asa total derivative the relevant term becomes

1
] 24 16 / e / Aoy =gacin Al vl<2F i 27

1
—|—§w2Ffij4manm"—|—w2F4mnF40]mek”> + gauge invariant, (3.19)

Ics =

where indices are raised and lowered by the AdS, x S? metric

w

2
ds? = v [<p2d72 - %) — (d6? + sin® 0d¢2)] . (3:20)

— 11 -



Also, /—g4 and €;;3,; are defined with respect to this metric.
We then cancel off the non-gauge invariant part by modifying (B.1§) as Ics = I/g =
Ics + Alcg, with

1
Algg = 3 ca1 wZ/dacE’ /d4:c —g4e,~jklvl

7224 - 16
. . 1 .
X [Af <2FfmnRka” + W Y E FY wQFfmnFOJmFO’mﬂ - (3.21)

We now compute

; :_1<>[—<e°>10 g LR
S TR T ) R T T CO L
__LLASE@PHO)Y 522)

24 [1+ (e0)2]3
where in the top line we showed the separate contribution of Iog and Algzs. Note that
Alcg is nonvanishing even in the nonrotating case e = 0.
3.3 Computation of entropy

Our final result for the on-shell action f is found by adding the contributions determined
in the previous subsection

2 2 4 1 1
f= f((;l) + fég + f( fcs “I¥ (@7 (ECIJKGIGJGK — ﬂ02[61> . (3.23)
The entropy (B4) is
_ 0 0f Iﬁ . _ 167 1 I.J K i 042 I
S = 271'( De .0 +e Dl f) = 7[1 n (60)2]2 6C]JK€ e’e” + 24(6 ) CoJ€ . (3.24)

We can rewrite this in terms of rescaled moduli using (B.9):

- /1 oA 1 . .
S =2m\/1—J2 <601JKMIMJMK + 6J%QIMI> . (3.25)

This is our final result for the entropy of the spinning black hole, expressed in terms of the
near-horizon moduli.

We can also express the entropy in terms of the conserved charges. We first use (£.23)
to find an expression in terms of geometrical variables

I
_ 73 corM
S = 2m\/(206 — J <1+ o )

and then expand to first order in coy using (£:2§) to find
. 3/2

S = 21/ QP 1421 @ ). 3.27

R (1 St (520

This is our expression for the black hole entropy as a function of charges.

(3.26)

The microscopic understanding of these black holes is quite limited. However, our
formulae do agree with the microscopic corrections to the entropy where such results are
available [BH, Bd]. Note that these special cases do not involve rotation, and amount to
reproducing the L term in (R.24).

- 12 —



3.4 Black ring entropy

The entropy computation we have presented for the spinning black hole is readily modified
to the black ring. So although black rings are not the focus of the present work we make
a detour to present the relevant entropy formula. Since we just use the entropy function
computed from the near horizon geometry we will only be able to give a formula for the
entropy in terms of the electric potentials. To express the entropy in terms of charges
requires more details of the full black ring solution than are presently available.

For the black ring the near horizon solution is

2 2
ds?> = w v [(deTQ — d%) — dQQ} — w? (de + eopdT) ,
P
I

1 e
I _ -1 ; = 5
A" = 2p cos 0d¢ eodac . (3.28)

Further details of the solution follow from the fact that the near horizon geometry is a
magnetic attractor, as studied in [LJ]. The near horizon geometry is a product of a BTZ
black hole and an S?, and there is enhanced supersymmetry. These conditions” imply

M = !
2wel
v = w2,
3
D=2 _
w?(eD)2’
3
v = —Zweo sin 0df A do , (3.29)

as can be read off from [[[J.
The computation of the f function now proceeds just as for the rotating black hole.

The result is

2 2 4 4 1 /1 1 cryge’e’p™
and the entropy is
af of 2 (1 1
S =2m <60@ + 61@ - f> =20 <ECIJKPIPJPK + 6021p1> . (3.31)

The entropy can also be expressed as
A

.32

A
where A is the area of the event horizon. In the two-derivative limit we have N’ = 1 and
we recover the Bekenstein-Hawking entropy.
As mentioned above, the final step is to trade e for the charges of the black ring, but
for this one needs knowledge of more than just the near horizon geometry.

"which can also be verified by extremizing the full entropy function.
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4. Comparison with topological strings, the 4D-5D connection, and all
that

In this section we discuss various interpretational aspects and the relation to previous work.

4.1 Comparison with 4D black hole entropy from the topological string

The OSV conjecture relates the free energy of the topological string to the Legendre trans-
form of the 4D black hole entropy [J]. It has further been proposed that the OSV conjecture
lifts to five dimensions [24]. It is instructive to compare this 5D version of the OSV con-
jecture with our explicit computations. Our analysis has been at the level of the 1-loop
correction to the free energy, and at this level the OSV conjecture for the entropy by design
reproduces the known 1-loop correction for the 4D black hole. So from a logical standpoint,
our comparison below really refers to the relation between 4D and 5D black hole entropy.
We nevertheless find it useful to cast the discussion in the language of the OSV conjecture,
although this is not strictly necessary.

The one-loop free energy from the topological string is

_— 9 11 Iy K _ 2. ol

F=—Zerxd ¢’ ¢" - el ) +cc. = —— geriKd ¢79 " car? ;o (41)
T \ 6 6 m? (M) +1

2

where u = Rep — 2mi. The relation to our notation is

-
Rep = 2me? = —LJA,
V1—J2
gbl = 2rel = 77TMI
V1 J2
F=-2nf. (4.2)

With these identifications we see that the free energy from the topological string ([.1)
agrees precisely with our f function (B.23). The 5D OSV conjecture gives the entropy

5 F_ s OF OF 2 <1

97 _r _ - 147 K R20£1>.4.3
201 " oRen ﬂ2<<%_?>2+1>2 GClIK9 979" + (Rep)™—7 -6 (4.3)

This agrees precisely with our result (B.2§) for the entropy. Of course this second agreement
is not independent from the first, since we Legendre transform the same expression on the
two sides.

So far we expressed the free energy and the entropy as functions of the potentials.
However, we are usually more interested in these quantities written in terms of the con-
served charges (J, qr). According to our explicit construction of the solution the charges are
related to rescaled potentials through (R.23). Rewriting in terms of the electric fields (B.5)

— 14 —



and then using the dictionary ([.2)) to the topological string we have

1 J K 2
FCIIKP ¢ — Fear 1
- -~ Cor,

2
R, 24

J— _ sicrid' ¢’ of — %2021¢I Rep LCQ[QSI Rep w
773(1+ <%>2)2 2 127 14 (%)2 o
The 5D OSV conjecture [@] instead defines the charges as

7 = OF  Sersrd’¢® — Teor

1= "3 = =
o¢p 2 <1+ (RQ_«;;L) )

—_0F _ Gewd'¢7e" — Feard Ren s
G E))

and these do not agree with our expressions ([.4).
A consequence of this discrepancy is that our expression for the entropy disagrees
with that conjectured in [24] when both are written in terms of conserved charges. In the

notation used here the topological string gives®

S:Qw\/@3—72<1+%+--->. (4.6)
12Q)
This does not take the same form as our expression (B.27).

The discrepancy arises because the 4D-5D charge map used in [P4] misidentifies the 5D
charges. The charges we have been using, (., qs), are the 5D conserved charges as measured
by surface integrals at infinity. In contrast, the charges from the topological string, (J,g;),
are defined via the 4D effective theory. The black hole with the prescribed near horizon
geometry, and which asymptotes to 4D asymptotically flat spacetime (times a circle), has a
Taub-NUT base space. As we show explicitly in the next two subsections, the Taub-NUT
itself has a delocalized contribution to the 4D charges. This contribution is absent for the

5D black hole.

4.2 Spinning black hole on a Taub-NUT base space: the solution

In order to carry out the 4D-5D reduction explicitly we now construct the spinning black
hole on a Taub-NUT base space. To do so we need to generalize some previous results to
the case of a curved base space. Most of the analysis goes through essentially unchanged,
so we can be brief.

The analysis of the Killing spinor equations is unchanged except that derivatives on
the base space now become covariant. As a result (R.1)-(R.6) remain valid on the Taub-
NUT base space. Supersymmetry also demands that dw is a self-dual two-form on the

8Notation: giere = Yhhere- Also note that @] introduce moduli Y7 which satisfy the tree-level special
geometry condition even when higher derivative corrections are taken into account so these moduli are
shifted relative to M used here.
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base space. Finally, supersymmetry requires a Killing spinor which is covariantly constant
on the base-space. This in turns implies that the base-space is hyper-Kéahler and so also
Ricci-flat, with anti-self-dual Riemann tensor. Using this information it is straightforward
to generalize Gauss’ law (R.§),

2| —2U Car 2 1 gy 2 C2I gkl
M; — — - = d = L _RYMR . 4.
v [e 1= (3(VU) 1€ (dw) )] 54 8R Rijki (4.7)

Indices are contracted with the four-dimensional base space metric, and the Riemann
tensor and derivatives are that of the base space. We see that the only change is the
new contribution on the right hand side. This in turn comes from the A A TrR? term in
the action, which represents a curvature induced charge density.

We first consider the case of a charge p® = 1 Taub-NUT space, and then generalize to
the case of general charge. We write Taub-NUT in Gibbons-Hawking form

0) (da® + cos 0dp)* + H'(p) (dp* + p*(d6? + sin® 0d¢?)) | (4.8)

with 2° 2 2° + 47 and orientation €pog¢es = 1. The harmonic function H 0is
1

0(p) = z
H (p)—l—i-p. (4.9)

As in (2:17), the anti-self-duality and closure conditions determine dw completely, viz.

dw = —8—;(epe5 +e%e?), (4.10)

where the e' are the obvious vielbeins of Taub-NUT.

For Taub-NUT the source on the right hand side of () can be expressed as

.. 2 2
RIFIR, 1 = V? <7 - —> . 4.11
’ pp+1)3  p (4.11)

Using this we can easily solve ([1.7) as

JE 11 1
Hp = Mp° + 5 = e2Ungy - 22 <3(VU)2 — U
y?)

- - — 4.12
24 64p*  4p(p+1)3 4p> o (412)

where we have substituted in (jL.10) for dw. The radial function U(p) is determined again
by the D equation of motion which remains of the form (2.13).

4.3 Relation between 4D and 5D charges

The above construction incorporates both 4D and 5D black holes. Specifically, if we drop
the 1 in the harmonic function H° then the base space is simply R* and we recover the 5D
black hole. Now, we have been using the symbol q;, but we need to check its relation to
the physical electric charge of the 4D and 5D black holes. From the gauge field dependent
terms in the action the conserved electric charge Q7 is

1 1
QI:_F/ <—N[J*5FJ+2M[*5’U> , (413)
7 » 2
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where ¥ denotes the S2 x S! at infinity spanned by (6, $,2°). Note that only the two-
derivative terms in the action contribute to (4.13) since the four-derivative contributions
to the surface integral die off too quickly at infinity.

Using the explicit solution we find
Qr=—4[p*0,(Mpe™")] _ . - (4.14)

In the case of the 5D black hole we have Mje™2Y = H;+ ..., where ... denote terms falling
off faster than %, and hence we find

QPP =g . (4.15)

For the 4D black hole we should instead use ([.19), and we see that the final term in

parenthesis contributes an extra % piece. Hence, for the 4D black hole we have Me 2V =
H; — 4_6224/) + ..., which gives
4D Cor
Q" = qr - o = (4.16)

A similar story holds for the relation between the 5D angular momentum J and the
4D charge qp. So we see that the 4D and 5D charges are different. This has important
implications for the 4D-5D connection: it is not true that Ssp(J,qr) = Sap(qo = J,qr).
Rather, one should first convert from barred to unbarred charges in the 4D entropy formula
before writing the result for the 5D entropy. In general, if we write (J,q;) = (J +AJ, qr +
Agqr), then we should instead use Ssp(J, qr) = Sup(J + AJ, qr + Aqy).

The physical reason for this is simple: due to higher derivative effects the Taub-NUT
space itself carries a delocalized charge. The 4D black hole sees the charge as measured
at infinity, while the 5D black hole effectively sees the charge as measured near the tip of
Taub-NUT (since the 5D black hole is obtained by dropping the 1 in H°). To see how
these two notions of charge are related, we define a p dependent “charge” via the left-hand

side of ([.7),

_ G L su 2
¥,) = # 4.1
Q%) = -1 \/_n v { o ( (VU)? = e (dw) (4.17)
where X, is surface of constant p with unit normal, n*, and h is the induced metric on X,,.
Because of the curvature term in (.7), this quantity is dependent on p. The difference

between the charges at the center (5D) and at infinity (4D) is given by integrating the
right-hand side of ([£7),

1 1
Q1(Xe0) — Qr(X0) = —m VhntV, { UMy — 6224[ <3(VU)2 — ZeGU(dw)2> } ,
Yoo —20
_ 2 ) —2U Cr 2 1 gu 2
. / IV { My -2 <3(VU) 1¢ (dw) >} ,
1 ¢
e / M R R (4.18)
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For a 4D Ricci-flat manifold, the Kuler number is given by

1
_ Rube Rabcd 4.19
M) = 5z [ Rear? (119)
which for Taub-NUT gives x = 1. Thus
c
Qr(So0) = Qr(Z0) = —5; (4.20)

24
which accounts for the relation between g; and ¢;.

We emphasize again that charges are completely unambiguous in 5D. Also, in 5D the
asymptotic charge Q7(X) agrees with the near horizon charge Q;(Xp) because the base
is flat. The nontrivial relation is between the 4D and 5D charges in the presence of higher
derivatives.

4.4 Generalization to charge p°

We can easily generalize the above to Taub-NUT with arbitrary charge p°. This is defined
by taking a Z, orbifold of the charge 1 solution. We identify 0 = g’ 4 ;‘)—z{. To keep
the asymptotic size of the Taub-NUT circle fixed we take H? = (p%)g + /—1), which is a
choice of integration constant. Finally, to put the solution back in standard form we define

(25 =pP25, 5 = ]% p). The general charge p° solution then has (dropping the tildes)

1
ds? = () (dz® + p® cos 0dp)* + H(p) (dp* + p*(df* + sin® dp?))
0
H%p) =1+2,
p
Hy = M@+ 1L, (4.21)

4p
Again, ¢y is the 5D electric charge. The 4D electric charge is now

Car

200 (4.22)

qr =491 —

4.5 Example: K3 x T?

We conclude the paper by making our formulae completely explicit in the special case of
K3 x T?. In this case C1ij = Cij, 1, J = 2,...23 are the only nontrivial intersection numbers
and co; = 0, c21 = 24 are the 2nd Chern-classes.

Our procedure instructs us to first find the hatted variables in terms of conserved
charges by inverting (2.23). In the present case we find

1 4 472
Al o— \/Ec”%‘qj MRCESIE
q +3

N — Q@ +3 _ ciig;
1 4 )
27769+ g

_ \/ ¢ +3 J (4.23)

. ) .
2674105 + e 011

)

<
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All quantities of interest are given in terms of these variables. For example, the relation

between 4D charges ([l.§) and 5D charges (f.9) is

— 3
Joats,
q+1
ql :ql_la
@ =4, (4.24)

and the entropy as function of the conserved charges becomes

(@1 — (g1 +3) 72
(q1 +1)2

1
- %\/50”%%(‘11 +3) -

1 .. 1 =2
= QW\/icZ]qiqj(QI +4) — = L 4J ) (4.25)

q +

In the special case of K3 x T? the charge corresponding to D2-branes wrapping 72 is
special, and it is apparently that charge which undergoes corrections due to higher order
derivatives. The precise form of the corrections is reminiscent of the shifts in level that are
characteristic of o-models.”

Our formulae for general Calabi-Yau black holes are democratic between the various

charges.
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A. Derivation of the spinning black hole

In this appendix we show how to obtain rotating black hole solutions by imposing the
Killing spinor equations and Maxwell equations, including higher derivatives corrections.
Our conventions follow [L4].

We consider M-theory compactified on a Calabi-Yau threefold with intersection num-
bers, ¢rjKi, and second Chern class coefficients, co;. The bosonic part of the action up to
four-derivative terms is given by

S = ﬁ /d5x\/§(£0 + L), (A1)

where the two-derivative Lagrangian is
1 3 2 1 1 2 ab I
EO = _§D_ZR+U +N §D—ZR+3U +2N]’U Fab

1 1 1
#Ny (JERET 4 000100 ) 4 i ALFLF e (A2)

9For example, the o-model of heterotic string theory on the near horizon geometry AdSz x S°/Zn with
g, units of B-flux has spacetime central charge ¢ = 6(g, + 4) [@] in apparent agreement with ()
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and the four-derivative Lagrangian is

1 1 1 1
Ly = _02241 <_166abcdeAfacbcf 10y + MO Capeq + 5 M D? + < F1*Pvq D
1 1 8 o
5 M Capeav™ v + S F!" Capeqv® + 5 M vy D" Dev™

4 A A 4 A . 2 .
—i—gMID“vbcDavbc + ngDavbcvam — ngeabcdev“bUCdevef
2 N .
+§F1ab€abcdevcfpfvde 4+ Flabeabcdevcfpdvef

4 1
—gFlabvacv“ivdb — gFI“bvabUQ + AM T v v vt — MI(U2)2) . (A.3)

The double superconformal derivative of the auxiliary field has curvature contributions

o 2 1
VDY Dov® = vy DPD v ™ — gvacvchab — EvabvabR . (A.4)

The functions defining the scalar manifold are
1 1
NZEC]JKMIMJMK, N]Z@[NZgC[JKMJMK, N[J:C[JKMK, (A.5)

where I,J, K =1,...,ny.

We study supersymmetric configurations so we seek solutions in which both the fermion
fields and their first variations under supersymmetry vanish. The supersymmetry variations
of the fermions are

1 1
0, = (DM + §Uab')’;mb -3 U> €e=0,
1
Q! = <—ZW -FT - §7a(9aMI - gMIW'U> e=0,
4
5X = (D - QWCVGbDanc - 27a€abcdevbcvde + 3(7 ’ U)2> e=0. (AG)

We now examine the consequences of setting these variations to zero.

A.1 The stationary background

We begin by writing our metric ansatz
ds? = V@) (dt + w)? — 722 dyidy? (A7)
where w = w;(z)dr® and i = 1...4. The vielbeins are
e = 21 (dt +w), ¢ = e V2dy , (A.8)
which give the following spin connections
Wi, = e~U2 ((9J-U26E - (9iU263) + %e2U1+2U2dwijeo,

R 1 .
W% = 2eY29,U1€" + 562U1+2U2dwijej , (A.9)
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with
dw = a[iwj]dxi Adz (A.10)

The Hodge dual on the base space is defined as

1 )

*401%3» = 56;3]&0[ s (All)

with €553 = 1. A 2-form on the base space can be decomposed into self-dual and anti-self-
dual forms,

a=a"+a", (A.12)

where x4a® = +a*. We will use this decomposition for the spatial components of dw and
the auxiliary 2-form vy,

— 4o
Ui = U5 T Y0
= dwt + dw
dws; = dw%j + dng, . (A.13)

For stationary solutions, the Killing spinor e satisfies the projection
Ve = —¢€. (A.14)

Using Yapede = €apede and (JA.14]), it is easy to show that anti-self-dual tensors in the base
space satisfy

o Vryse=0. (A.15)

A.2 Supersymmetry variations

There are three supersymmetry constraints we need to solve. Following the same procedure
as in [[14], we first impose a vanishing gravitino variation,

1 1
oty = |Dy + §v“b7,wb — 3 v} e=0. (A.16)

Evaluated in our background, the time component of equation (|A.1¢) reads

2 A 1 ~n 1 ~n
O — 62U1+U23iU1’y; - geZUlvOZ’y; - Ze4U1 dwyzv" — éerlvﬁ’y”} e=0, (A.17)

where we used the projection ([A.14). The terms proportional to 7; and Yz give the condi-
tions

3

Voi = §€U251U7
3

vt = —ZeQUlder . (A.18)

The spatial component of the gravitino variation (JA.16) simplifies to

1 0k i 2 N S S R B |
0; + gaijj + v e <'y§.f€ - gfyjs'yfg> —e (Ul%j' + 1€ 1dwl;3 v 0e=0, (A.19)
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where we used the results from (JA.1§). The last term in (JA.19) relates the anti-self-dual
pieces of v and dw,

1
voo= —ZeZUldw_ . (A.20)

The remaining components of (|A.19) impose equality of the two metric functions U; =
Uy = U and determine the Killing spinor as

e=el@e¢ (A.21)
with ¢y a constant spinor.
The gaugino variation is given by
I 1 r 1. r Lo
0 = —Z'y-F—ify@aM —§M’y-v e=0. (A.22)

This constraint will determine the electric and self-dual pieces of Falb. Using (A.14)
and ([A.15) to solve ([A.22) we find

FlI0i _ e’UBi(eQUMI),

FIt = —ngqﬁ . (A.23)
Defining the anti-self-dual form
of = - Mldw™ + FI~, (A.24)
then the field strength can be written as
FI = d(M'e%) +0F . (A.25)

We emphasize that ©7, or more precisely F/~, is undetermined by supersymmetry. These
anti-self-dual components are important for black ring geometries but for rotating black
holes we can take © = 0 and dw™ = 0.

Finally, the variation of the auxiliary fermion is

4
ox = | D — 29y Dyupe — 27 €apedet? v + g(w 0)2le=0. (A.26)

For the background given in section A.1 and using equations (A.1§) and ([A.20), the
terms proportional to one or two gamma matrices cancel identically. The terms independent
of v: give an equation for D, which reads

1 ieied ieied
D = 32(V2U — 6(VU)?) + §e4U (3dw%dw+” +dwidw™) . (A.27)
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A.3 Maxwell equation

The part of the action containing the gauge fields is

s = / Py (8 + ) (A.28)
where the two-derivative terms are
1
£ = oNp P FL + /\/UF FI 4 erin AVFLE e, (A.29)

and the four-derivative contributions are

1 2
LW car (16 abede L0 190, o 4 = e FIabyel Dy 4 €gpoge FIo0¢ DS

1 4 1
+6F1“bvabD + §F1abCabchCd — gFlabvacv“lvdb — gFI“bvabvz> . (A.30)

Variation of (]A.2§) with respect to Aﬁ gives,

oL 1
Yy <4MW+NUFJW+25F} >:§CUKF FEevedory 2L 5 4 1 5 PP Co g,y Cp 7 (A.31)
Qv
with
0Lq cor (1 8 2
SPIadb — 94 g’l)abD — gvachdvdb — gvabvz + Clapeav™®
4
+§eabcdevchfvde + QEGdeevchdvef> , (A.32)

and
0Ly e be L 0Ly

I e’ ST
oF], OF),

(A.33)

The equations of motion are evidently rather 1nv01ved, so we will now restrict attention

to rotating black hole solutions with
dw=dwt, dv~ =0, ©=0. (A.34)

Given the form of the solution imposed by supersymmetry it can be shown that the spatial
components of the Maxwell equation are satisfied automatically. The time-component
of ((A331) give a non-trivial relation between the geometry of the rotating black hole and
the conserved charges. We start by writing this equation as

_ 30 0 3y 0L _ 0Ly
Vile VN0 + Ny F70)) + V4 <2€ 3U5R{> =2 duwy; 5Ff
20
_aul _ c
=e 4U§CIJKF Ffjeoabc‘i +e 21 2116 OabchabfgCCd (A.35)
The two-derivative contribution to ([A.3§) is
2A 24 1

Vi(eisU[W[UZO + ./\/]JFJZO]) — 674U§C[JKF FK Oabed —V2(€72UM[) , (A.36)
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where we used the results from section A.2 and (JA.34). The higher derivatives terms
in (JA.35) on this background are

<3Vz~(VU)Z - ﬂvi %Y (dw)?] — geGUviU(de)(A.s?)

0Ly 02_163U
32

SEI0 24

oL cor 3 1
—2U 1 _ Cr 9 eU 2 6U 212 22
—e dw%ﬁ'(g ZIJ = o1 16¢ <Vklivk(dw) +7¢ ((dw)?)* + 3(dw)*V U> (A.38)

1 3
674U60ab6dcabfgccdfg — —§V2[66U(dw)2] + Z612U((dw)2)2
+3e5Y(V2U — 12(VU)?)(dw)? — 3¢5V V.UV 1, (dw)? (A.39)

where again we used the form of the solution imposed by supersymmetry and also the
self-duality condition of dw. Inserting (JA.36)—(A.39) in (A.35) gives

V2 [ew My — %f ((VU)2 - %eGU (dw)2>] ~0. (A.40)

This is the generalized Gauss’ law given in (R.§).
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